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ABSTRACT
In this note we discuss a possible holographic dual of the two dimensional confor-
mal field theory associated with the world-sheet of a macroscopic superstring in a
compactification on four-torus. We assume the near horizon geometry of the black
string has symmetries of AdS3 × S3 × T 4 and construct a sigma model in the bulk.
Analyzing the symmetries of the bulk theory and comparing them with those of the
CFT in a special light-cone gauge we find agreement between global symmetries.
Due to non-standard gauge realization it is not clear how affine symmetries can be
realized.
1 Introduction
The world-sheet theory living on a macroscopic fundamental superstring is described by
a two dimensional superconformal field theory with central charge (cL, cR) = (12p, 12p)
for type II and (24p, 12p) for heterotic string theories, where p is the number of stretched,
coincident fundamental strings. Recently it has been proposed that there may exist a
holographic dual to these world-sheet theories [1–4] (See [5,6] for related topic and see [7]
for recent review). There are a couple of reasons for such expectations [3]. Since the
macroscopic string appears as a defect in the supergravity, the Maldacena duality suggests
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that the world-sheet theory living on the defect may be dual to the string theory living
on its near horizon limit. Since in low energy the world-sheet theory is described by a
CFT the dual geometry should contain an AdS3. On the other hand, since at the core the
curvature blows up, contributions of different orders of α′ become equally important one
should look for an exact CFT description. Moreover, since the string coupling vanishes
at the core this situation is suitable for a CFT analysis. The second reason comes from
the exact matching of counting of microscopic states of a string wrapped on a circle
and the macroscopic entropy of the resulting two-charge small black hole calculated a
la Wald [9–11]. This agreement turns out to hold at all orders of α′ and it has been
suggested in [3] that since the leading term in the entropy does not contribute it is hard
to understand how this exact matching occurs unless there is a dual CFT description.
In this spirit the string theory on the near horizon limit of a small black string is
considered in [1–4] for a five-torus compactification. Compactifying on one more circle
down to four dimension one obtains small black hole which, after taking α′ corrections
into account, leads to an AdS2×S2 near horizon geometry. From five dimensional point of
view, AdS2 with a circle fibered on it leads to an AdS3 with some global identifications.
Going to the covering space this becomes an AdS3×S2 geometry. In five dimensions,
using supersymmtrized R2 corrections, an explicit solution which interpolates between
AdS3 × S2 near horizon geometry and asymptotic flat space has been exhibited in [14]
(See [15, 16] for more discussions on this model).
A few studies about the holographic dual have appeared recently for five-torus com-
pactification. In [3] the analysis of five dimensional off-shell supergravity shows the near
horizon geometry AdS3 × S2 has appropriate killing spinors and bosonic isometries so as
to give Osp(4∗|4) super-isometry group associated with sixteen supercharges; they also
discussed possible affine extensions. [1] analyzed a sigma model on AdS3 × S2 and com-
pare the symmetries with those of the free world-sheet theory describing the dynamics of
the macroscopic string. They showed that the global symmetries coming from the sigma
model agrees with those of the hologram only in a specific light-cone gauge.
In all these studies the possibility of extending this analysis to higher dimension has
been discussed and the possible superisometry group has been enlisted. Though an explicit
solution with higher derivative corrections in other dimensions is missing, on general
ground one can argue that adding bosonic Gauss-Bonnet can stretch the horizon leading
to non-singular near horizon geometry of the small black hole [13]. We note, however,
that having got a stretched horizon with AdS2/AdS3 near horizon geometry does not
necessarily mean that there is a solution in entire space time which interpolates between
this near horizon geometry and an asymptotic flat solution. In fact, a priory it is not
obvious that such a solution exist. But on the basis of the arguments in [1, 3, 4], one can
expect that similar situation will prevail in other dimensions as well.
Since the theory depends crucially on dimensions it is not obvious how the five dimen-
sional model studied so far can be generalized to higher dimensions. In the present paper
we consider the study of the holographic dual for macroscopic string compactfied on a
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four-torus. A qualitative discussion of symmetry groups for other dimensional compact-
ification has already been appeared in [1, 3, 4]. Following suggestions of [1, 3] we assume
that the near horizon geometry has the symmetries of AdS3 × S3, in analogy with five
dimensional case. An intuitive argument supporting this assumption comes from the fact
that Gauss-Bonnet action can indeed stretch the horizon leading AdS3/AdS2 near horizon
geometry.
We begin with the two dimensional world-sheet CFT describing the world-sheet dy-
namics of the macroscopic string as the hologram. On the bulk side we consider a sigma
model that describes the corresponding string theory on AdS3×S3 along with a four-torus
and compare the corresponding symmetries, both bosonic and fermionic with those of the
hologram. Let us note that our work involves eight supercharges in each chiral super-
symmetric sector and so is different from the extensive studies on the string theory on
AdS3×S3 that corresponds to D1/D5 system appeared during the last decade, involving
four supercharges in each chiral supersymmetric sector. We find as in [1] that one has to
choose non trivial light-cone gauge on the CFT side, in order to match some of the global
symmetries, which makes the realization of corresponding affine extensions difficult.
The plan of the paper is as follows. In section 2 we discuss the hologram, namely
the two dimensional CFT. In section 3 we construct the sigma model and analyze its
symmetries and compare them with that obtained in the hologram picture. Finally we
conclude in section 4 with a discussion.
2 Hologram
In this section we discuss the hologram, namely the CFT describing the world-sheet
of a macroscopic superstring toroidally compactified on a four-torus in Green-Schwarz
formulation. We begin with a review of the generators of symmetry transformations and
the corresponding algebra in a light-cone gauge along a compact direction, which will
also help setting up the notations. Then, following [1] we introduce a slightly different
light-cone gauge and discuss the consequent modification of the algebra of the symmetry
generators.
Let X0 . . .X9 denote the target space coordinates where we denote the radius of X9
circle by R. The mode expansions of non-compact bosons (X i, i = 0, ..., 5) and compact
bosons (Xm, m = 6, .., 9) are given by
X i = xi + α′piτ + i
√
α′
2
∑
n 6=0
1
n
[αine
−2in(τ−σ) + α˜ine
−2in(τ+σ)], (2.1)
Xm = xm +
α′qm
R
τ +
ωmR
α′
σ + i
√
α′
2
∑
n 6=0
1
n
[αmn e
−2in(τ−σ) + α˜mn e
−2in(τ+σ)]. (2.2)
The sixteen compact bosons HI , I = 1, .., 16 arising on the left-moving sector of heterotic
string theory have similar mode expansion as of Xm. The mode expansion of the fermions
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are given by
Sa+ =
∞∑
n=−∞
Sane
−2in(τ+σ), Sa− =
∞∑
n=−∞
S˜ane
−2in(τ−σ). (2.3)
The oscillators satisfy the following commutation relations
[αim, α
j
n] = mδm+nδ
ij, {Sam, Sbn} = δm+nδab, (2.4)
and a similar set of equations for the left movers. The bosonic zero modes x and p satisfy
[xi, pj] = iδij . (2.5)
The light-cone gauge is given in terms of the light-cone coordinate,
X± =
1√
2
(X0 ±X9), (2.6)
by setting the oscillators along one of these directions to zero,
X+ = x+ +
1√
2
[
α′(p0 +
q9
R
)τ +
ω9R
α′
σ
]
. (2.7)
Using the vanishing of components of stress tensor T++ = T−− = 0 one can solve the
oscillators in the mode expansion of X− in terms of the transverse bosonic oscillators and
the oscillators coming from the fermions. For heterotic string theory in left-moving sector,
the contributions in addition to those from transverse bosonic oscillators, will come from
internal coordinates. For convenience, we introduce
q+R,L =
1√
2
[
α′(p0 +
q9
R
)± ω
9R
α′
]
. (2.8)
In this notation, the right-moving and left-moving components of X+ can be written as
∂+X
+ =
1
2
q+R , ∂−X
+ =
1
2
q+L . (2.9)
Similarly, the right-moving and left-moving components of the transverse bosonic compo-
nents are
∂+X
i =
√
2α′
∑
n 6=0
αine
−2in(τ+σ), ∂−X
i =
√
2α′
∑
n 6=0
α˜ine
−2in(τ−σ). (2.10)
The two dimensional action can be written as
S =
1
2πα′
∫
dσdτ (2∂+X
i∂−X
i + 2∂+X
m∂−X
m + iα′Sα+∂−S
α
+ + iα
′S˜α−∂−S˜
α
−), (2.11)
where we write down the action for type II. For the heterotic string theory the left-moving
fermionic piece will be replaced by that of sixteen internal bosonic coordinates.
3
2.1 Symmetries of the hologram
Now we discuss the symmetries of the conformal field theory in this light-cone gauge.
There is a global spin(4)-symmetry, which is the relic of spin(8)-symmetry after four-
torus compactification and eight global supersymmetries generated by (Qa0, Q
a˙
0) in each
sectors (eight global supersymmetries in the right-moving sector for heterotic theory). In
addition, there is conformal symmetry in both the sectors and a chiral affine spin(8)-
symmetry in both the sectors of type II strings (in the right-moving sector of heterotic
string). In the following we write down the generators and the associated algebra.
spin(4)-symmetry
The generators of global non-chiral spin(4)-symmetry are similar to the standard Lorentz
generators of spin(8)-symmetry and are given by,
J ij = Lij + Eij +Kij0 + E˜
ij + K˜ij0 (2.12)
where i, j = 1, .., 4. The various components of this expression are given by
Lij = (xipj − xjpi), (2.13)
Eij = −i
∑
n>0
1
n
(αi−nα
j
n − αj−nαin), (2.14)
Kij0 = −
i
4
∑
n>0
Sa−nγ
ij
abS
b
n, γ
ij
ab = (1/2)[γ
i, (γj)T ]ab, (2.15)
where (γi)T is the transpose of γiaa˙, a and a˙ denote 8s and 8c Majorana-Weyl representation
of spin(8); i denotes 8v of SO(8) and γ
i
aa˙ are Clebsch-Gordon coefficient among 8v, 8s and
8c. We use
γ1 = ǫ× ǫ× ǫ, γ5 = σ3 × ǫ× 12, γ2 = 12 × σ1 × ǫ, γ6 = σ1 × ǫ× 12,
γ3 = 12 × σ3 × ǫ, γ7 = ǫ× 12 × σ3, γ4 = ǫ× 12 × σ1, γ8 = 12 × 12 × 12,
(2.16)
where ǫ = iσ2. Similarly expressions of E˜
ij and K˜ij0 can be obtained by replacing the
oscillators in the above expressions by their left-moving counterpart. These generators
can be thought of as associated with the global isometry of three-sphere horizon. In
addition to this global non-chiral symmetry we have a number of chiral affine symmetries.
Conformal symmetry
For the right-moving sector, we have a conformal symmetry generated by Ln, the modes
of the following operator
q+R(∂+X
−) =
1
2α′
(∂+X
i∂+X
i) +
i
2
Sa+∂+S
a
+, (2.17)
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and a similar set of generators of conformal symmetry in the left-moving sector of type II
theory ( for heterotic theory the fermions need to be replaced by internal bosons). The
modes of energy-momentum tensor satisfy Virasoro algebra given by
[Lm,Ln] = (m− n)Lm+n + c
12
(m3 −m)δm+n, (2.18)
where the central charge c = 12p. There is a global SL(2, R) × SL(2, R) symmetry,
generated by (L0,L1,L−1) and (L˜0, L˜1, L˜−1) which can be identified with isometry group
of AdS3.
Supersymmetry
Both the sectors of type II theories (only right-moving sector of heterotic theory) have
global supersymmetry generated by supercharges which are zero modes of the following
spin-3/2 supercurrent.
Qa˙(σ+) =
1√
q+R
(γi)a˙aS
a
+∂+X
i, (2.19)
where γ-matrices are given in (2.16). In addition, the modes of supercurrent satisfy the
following affine algebra [17],
{Qa˙m, Qb˙n} = 2δa˙b˙Lm+n + (m− n)(γij)a˙b˙Kijm+n + c˜(m2 −
1
4
)δa˙b˙δm+n, (2.20)
where c˜ is a constant. The commutation relations between these modes of supercurrents
and Virasoro generators are given by
[Lm, Qa˙n] = (
1
2
m− n)Qa˙m+n. (2.21)
spin(8)-symmetry
In addition to the global spin(4)-symmetry, both the sectors of type II theories (only
right-moving sector of heterotic theory) have an affine spin(8)-symmetry generated by
the spin one currents
Kij(σ+) = − i
4
Sa+γ
ij
abS
b
+. (2.22)
For heterotic theory one has a similar affine current algebra associated with E8×E8. The
modes of affine spin(8) current satisfy the following Kac-Moody algebra
[Kijm, K
kl
n ] = i(δ
ikKjim+n − δilKjkm+n) +
k˜
2
(m− n)δm+n(δikδjl − δjkδil). (2.23)
The modes of affine currents have the following commutator with Virasoro generators,
[Lm, Kijn ] = −nKijm+n. (2.24)
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As discussed in [1] the commutators of modes of affine current and supercharges do not
close
[Kijm, Q
a˙
n] = −
i
4
(γijγk)aa˙
∑
r
Sa−rα
k
m+n+r, (2.25)
which is consistent with the fact that it is not possible to have a (8, 0) superconformal
algebra with a spin(8) R-current.
Though we cannot write an N = 8 superconformal algebra, as described in [1] one
can write an N = 2 superconformal algebra by choosing a U(1)-current J = K12+K34+
K56 + K78 and forming two linear combinations G± of eight supercharges. Since the
construction is identical as in [1], we are not repeating that. Similarly, it is possible to
construct an N = 4 superconformal algebra along the same line.
2.2 Internal light-cone gauge:
As we will see in the next section the symmetry algebra in the light-cone gauge discussed
above, does not match with that on the bulk side. Therefore, following [1], we modify the
light-cone gauge so that the algebra matches with that in its holographic dual.
Left-moving sector (heterotic string)
We begin with the left-moving sector of heterotic theory. We pair up the boson along
compact direction X9 with one of the internal boson H1 (that generates an SU(2) ⊂
E8 ×E8) through the following coordinates
Y =
1√
2
(X9L +H
1), Y¯ =
1√
2
(X9L −H1). (2.26)
The light-cone gauge is given in terms of the following light-cone coordinates
X± =
1√
2
(X0 ± Y ), (2.27)
as
∂−X
+ =
1
2
q+L (2.28)
q+L =
1√
2
[α′(p0 +
1√
2
(p9.R9 + p′.R′))− 1√
2α′
(
q9
R9
+
q′
R′
)], (2.29)
where we use (p9, q9;R9) and (p′, q′;R′) to be momentum and winding and radius associ-
ated with X9 and H1 respectively. Apart from light-cone coordinates we are left with 24
bosons given by
{φi} = {X1, . . . , X8, Y¯ , H2, . . . , H16}, (2.30)
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which we collectively call φi. Using the Virasoro constraint one can solve for other light-
cone coordinate X− and given by
q+α−n =
1
2
24∑
i=1
∑
n
αin−mα
i
m = Ln. (2.31)
Now we consider how this gauge modifies the symmetry algebra arising in the left-
moving sector of heterotic string. Other symmetries will remain the same, except, this
gauge spoils the SU(2) ⊂ E8 × E8 algebra associated with the boson H1. The currents
are given by ∂−H1, e±i
√
2H1 . The mode expansion of the first one becomes
j˜n =
1
4
q+δn,0 − 1
2
α˜−n −
1√
2
α˜Y¯n . (2.32)
In this gauge we have the commutator
[L˜m, j˜n] = − 1
2q+L
[L˜m, L˜n]− 1
2
√
2
∑
k
[L˜m, α˜Y¯n ]. (2.33)
Using the expression given in (2.31) we can see that it is different from what is expected for
modes of a spin one current, i.e. [L˜m, j˜n] = −nj˜m+n. In particular j˜0 has the commutation
same as that obtained in the sigma model picture.
Right-moving sector
In order to describe the special gauge in the right-moving sector we will bosonize the
fermions in the Green-Schwarz formulation and use a linear combination of them. This can
be thought of as related to eight world-sheet fermions ψ1, ..., ψ8 in the R-NS formulation
in the following way. Bosonizing the latter into four bosons,
−∂θi = ψ2i−1ψ2i, i = 1, 2, 3, 4. (2.34)
one connect them to the fermions in Green-Schwarz formulation
S(2i−1)S(2i) = −∂σi, i = 1, 2, 3, 4, (2.35)
through the relation
σ1 = (1/2)[(θ1 + θ2) + (θ3 + θ4)], σ2 = (1/2)[(θ1 + θ2)− (θ3 + θ4)], (2.36)
σ3 = (1/2)[(θ1 − θ2) + (θ3 − θ4)], σ2 = (1/2)[(θ1 − θ2)− (θ3 − θ4)]. (2.37)
The SO(8) currents in terms of GS fermions are given in (2.15). Substituting the
expressions of GS fermions in terms of θi’s and using (γ
i)aa˙ matrices given in (2.16), we
obtain SO(4) currents splitted into two commuting sets of SU(2) currents,
K12 −K34 = i∂(θ3 + θ4), (K31 −K24)∓ i(K23 −K14) =
√
2e±i(θ3+θ4), (2.38)
K12 +K34 = i∂(θ3 − θ4), (K31 +K24)∓ i(K23 +K14) =
√
2e±i(θ3−θ4). (2.39)
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As in the left-moving sector we combine X9 and Xθ = 1√
2
(θ3 + θ4) to define new
coordinates,
Y =
1√
2
(X9 +Xθ), Y¯ =
1√
2
(X9 −Xθ), (2.40)
and state the light-cone gauge in terms of them as
∂+X
+
R =
1
2
q+R , where, X
±
R =
1√
2
(X0 ± Y ), (2.41)
and
q+R =
1√
2
[
α′(p0 +
1√
2
(p9.R9 + pθ.Rθ) +
1√
2α′
(
q9
R9
+
qθ
Rθ
)
]
. (2.42)
In addition, we fermionize the other boson 1√
2
(θ3 − θ4) into a pair of world-sheet
fermions through
(K12 +K34) = i∂(θ3 − θ4) =
√
2χ3χ4, (2.43)
and combine one of them, say, χ3 with ψ9 as
ψY =
1√
2
(ψ9 + χ3), ψY¯ =
1√
2
(ψ9 − χ3), (2.44)
and impose light-cone gauge as
ψ+ = 0, where, ψ± =
1√
2
(ψ0 ± ψY ). (2.45)
Apart from the light-cone coordinates we have the following transverse fields:
{X1, . . .X8, Y¯ , χ4, ψ1, . . . , ψ4, ψY¯ }. (2.46)
In this gauge solving Virasoro and supersymmetry constraints we obtain
Ln = q+Rα−n , Gn = q+Rψ−n , (2.47)
which are the expressions for modes of Virasoro and supersymmetry generators.
This gauge modifies the properties of the SO(4) currents as follows. The modes of
N3 = (K12 −K34) in (2.38) are given by
N3n =
1
4
q+Rδn0 −
1
2
α−n −
1√
2
αY¯n . (2.48)
Comparing this with the expression of j˜n, one of the generator of SU(2) in the left-moving
sector, given in (2.32) we see that N3 does not have the correct conformal dimension and
therefore the associated affine current is absent. However, we can consider the corre-
sponding global symmetry generated by zero mode of the current, which satisfies
[Lm, N30 ] = mN30 . (2.49)
8
Since it is N03 that enters the generator of global SU(2) ⊂ spin(4) associated with (2.38)
given in (2.12) we can say this gauge modifies the commutator of generators of SU(2) ⊂
spin(4) with SL(2, R) generators in the above manner.
In order to match with the algebra obtained on the bulk side, which we will describe
latter, for the left moving sector of type II theory we choose Xθ = 1√
2
(θ3 − θ4) to define
new coordinate Y and Y¯ and carry out the gauge fixing. As a result the generators in
(2.39) of the other SU(2) will have unusual commutator with Virasoro generators coming
from the left moving sector.
In this gauge, computation of the other components of currents is difficult and con-
struction of the supercharges needs further work. Nevertheless, since the original world-
sheet theory has eight supercharges in each sector ( only in right-moving sector for het-
erotic theory) and we made a special gauge choice it is possible to write down the super-
symmetry generators which will be modified from their form in (2.19) by some compen-
sating gauge transformation.
3 String theory dual
In this section we discuss the sigma model that describes string theory on the near horizon
geometry of macroscopic string which is AdS3×S3×T 4. The geometry has an AdS3 piece
and therefore the sigma model should reflect the associated isometry SL(2,R)×SL(2,R).
There are extensive studies about superstring theory on AdS3 in literature [18, 19, 22, 24]
and it turns out that the sigma model is described by an SL(2,R)k WZW model where
k is the level of the algebra and is related to the size of AdS3 space. Our sigma model,
then, contains a supersymmetric SL(2,R)k WZW model for each sector and a bosonic
SL(2,R)k WZW model for the left-moving sector of Heterotic string.
The second piece comes from considering the isometry of T 4 and is given by super-
symmetric N=1 U(1)4 SCFT. That has a free field theoretic realization in terms of four
compact bosons and their fermionic partners. For the left-moving sector of the heterotic
string we need a bosonic U(1)4 CFT and a bosonic U(1)16 WZWmodel to generate E8×E8
symmetry.
Now let us count the central charges of the supersymmetric sector. A supersymmetric
SL(2,R)k WZW model contributes
9
2
+ 6
k
to the sigma model world-sheet central charge.
As shown in [18] this gives rise to a super-affine SL(2,R) algebra in the boundary theory
with a central charge c = 6kp, where p is the winding. Identifying this with the right-
moving transverse superstring which has a space-time central charge 12p we get k = 2.
Therefore the contribution of SL(2,R)2 WZW model to the central charge is c = 15/2.
The N=1 U(1)4 SCFT contributes c = 6 to the central charge. To get 15 we need an extra
3/2 contribution to the central charge which can naturally be obtained by utilizing three
fermions ξa, a = 1, 2, 3
1. So the sigma model is SL(2, R)2 × {ξ1, ξ2, ξ3} × U(1)4 WZW
1The central 3/2 can also be obtained by a supersymmetric WZW SU(2) model in level of 2. We
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model one for each sector of type II theory. This sigma model has also been proposed in
the context of small black holes in [21] where the author has found this particular model
from different considerations in the context of five dimensional Heterotic small black hole.
We note, however, that from the way we found this background it is evident that it can
describe both type II and heterotic small black string in six dimensions.
For left-moving sector of heterotic theory the counting goes as follows. The level of
bosonic SL(2,R) kb should be related to k on the right-moving sector through
√
kb/k =√
2 [21]. So kb = 4 and contributes c = 3
kb
kb−2 = 6 to the central charge. The U(1)
4
and the U(1)16 contributes c = 20. Since total central charge is already c = 26 we
cannot add any more degrees of freedom. The resulting sigma model is then bosonic
SL(2,R)4 ××U(1)4 × U(1)16 CFT.
Now we consider the field content of the SCFT. For reasons explained in the sequel
we follow [1, 24] and split the SL(2,R)2 WZW model in two parts: an (SL(2,R)/U(1))
and an U(1) which we parametrize by the bosons (τ, ρ) and (θ) respectively, where the
compact boson θ is at the free fermion radius. The corresponding fermions are given as
(ψτ , ψρ) and (ψθ). The U(1)
4 WZW is realized by four compact bosons Y i, i = 1, 2, 3, 4
and four fermions λi. On top of them we have three fermions ξa’s.
This SCFT furnishes representation of N = 1 world-sheet superconformal algebra
whose elements are given as follows [1]. The world-sheet energy momentum tensor is
given by
T = −1
2
[ (∂ρ)2 + ∂2ρ+ (∂τ)2 + (∂θ)2 + (∂Y i)2 ]
−1
2
[ ψρ∂ψρ + ψτ∂ψτ + ψθ∂ψθ + ξ
a∂ξa + λi∂λi ].
(3.1)
From (3.1) one can see ρ is a Liouville-like field while other fields are free. Similarly the
supercurrent is given by
G = i
(
ψτ∂τ + ψρ∂ρ+ ∂ψρ + ψθ∂θ + λi∂Y
i − ξ1ξ2ξ3 ) . (3.2)
This type of sigma model has been discussed in various contexts [21, 22, 24].
Similarly we realize the bosonic CFT describing the world-sheet dynamics of sigma
model for left-moving sector of heterotic string by splitting the bosonic SL(2,R) into two
pieces: an (SL(2,R)/U(1)) and an U(1) which we parametrize by the bosons (τ˜ , ρ˜) and
(X˜) respectively, where the compact boson X˜ is at the self-dual radius and we put tilde
to indicate that they belong to left-moving sector. In addition we have twenty compact
bosons given by Y˜ m;m = 1, 2, 3, 4 and φI ; I = 1, .., 16.
3.1 Symmetries of the sigma model
In this subsection we discuss symmetries of the SCFT described above. For type II strings
we get two SCFTs one for each sector. For heterotic string this describes the right-moving
note, however, that with this choice the consistent theory can only support four supercharges. In fact
this model has been studied in [18] which describes AdS3 × S3 coming from D1/D5 system.
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sector only and the left-moving sector will be discussed in the next subsection.
Sl(2,R) symmetry
We begin with the affine SL(2,R) algebra that arises as symmetry of AdS3 geometry in the
near horizon and reflected in the hologram through the Virasoro algebra discussed in the
last section. The world-sheet operator associated with the generators can be constructed
as follows. Following [1, 24] we write down the operator in (-1)-picture as,
J (−1)n (z) = e
2n(τ+iθ)(
1
2
ψτ − nψρ). (3.3)
Then we use the relation
G(z)J (−1)(w) =
1
z − wJ
(0)(w), (3.4)
to obtain the operator in the (0)-picture which has the following expression,
J (0)n (z) = e
2n(τ+iθ)(
1
2
∂τ − n∂ρ + 2n2(ψτ + iψθ)ψρ − inψτψθ). (3.5)
Using these operators one can define the generators of space time SL(2,R) algebra
Lm =
∮
dzJ (0)m (z), (3.6)
which satisfies the Virasoro algebra
[ Lm, Ln] = (m− n) Lm+n + c
12
m(m2 − 1)δm+n,0. (3.7)
As we see these operators generate an affine SL(2,R) algebra which matches nicely with
Virasoro algebra obtained on the hologram. For type II strings we get two copies of such
SL(2,R) one from each chirality sector while for heterotic we get one from right-moving
sector of these generators (L0,L1,L−1) generate the global SL(2,R) symmetry group.
SU(2) symmetry
Comparing with [1] one notices that there is actually an SU(2) current, which in their case,
corresponds to SU(2) symmetry ensuing from the isometry of S2. The construction goes as
follows. One fermionizes the compact boson θ at free fermion radius as e± iθ = 1√
2
(ψ1θ±ψ2θ).
Then identifying ψ3θ ≡ ψθ one constructs the set of currents (ψ1θ , ψ2θ , ψ3θ). We identify them
with the generator of SU(2) algebra in (-1)-picture,
N
I(−1)
0 (z) = ψ
I
θ , I = 1, 2, 3, (3.8)
Using (3.4) we get operators in the (0)-picture, which gives rise to the following space-time
generators for global SU(2)
N 3 =
∮
dz (i∂θ), N± =
∮
dz ∓ i(ψ3ψ±). (3.9)
11
As shown in [1] these generators do not have appropriate commutation relation with
Virasoro generators. In particular, [Lm,N 3] = mLm while the commutator should vanish.
Nevertheless, if we compare with the hologram we can see that this is precisely same as
the commutator obtained there at the special light-cone gauge. In view of that, the SU(2)
generated by N I ’s is the one that is reflected in the hologram.
Similarly on the left moving sector of type II theories, the potential generators of S˜U(2)
will have this type of commutator with S˜L(2,R). On the other hand, SU(2) generators
commute with S˜L(2,R) which matches with what we got on the hologram side.
At this point we note that, as explained in [1] since θ itself is engaged in the construc-
tion of N I it is not clear how to obtain its affine extension. The standard procedure of
multiplying by the factor e2n(τ+iθ) does not work. It has been proposed in [1] to construct
the affine current operators along the line of [19].
U(1)4 symmetry
One realizes the space-time affine U(1)4 symmetry associated with the T 4 piece of the
near horizon geometry as follows. The generators in (-1)-picture, can be obtained as [1,24]
P i(−1)n (z) = e
2n(τ+iθ)λi, i = 1, .., 4. (3.10)
Then using the relation (3.4) and computing the operator product with G(z) we obtain
the generators in the (0)-picture,
P i(0)n (z) = ie
2n(τ+iθ)[∂Y i − 2n(ψτ + iψθ)λi] (3.11)
From these the generators of space-time U(1)4 can be constructed as
P in =
∮
dz P i(0)(z). (3.12)
Supersymmetry
In order to construct the space-time supersymmetry generator we use the standard method
of the enhancement of N = 1 superconformal symmetry of the world-sheet theory to
N = 2 superconformal. This requires construction of an U(1)R current in the world-sheet
theory that splits the supercurrent G in (3.2) into two parts, with positive and negative
charges [20]. We consider the N = 1 superconformal algebra generated by the world-sheet
energy-momentum tensor (3.1) and supercurrent (3.2) and define the U(1)R current in
the following way. We can introduce the bosons (H,H1) given by
∂H = −ψρ ψθ + ∂θ, (3.13)
∂H1 =
1
3
ψτ (ξ
1 + ξ2 + ξ3). (3.14)
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These specific forms of the boson H in (3.13,3.14) are required to avoid the possible
double-pole arising in the operator product of U(1)R current and the world-sheet supercur-
rent G(z) (3.2). We introduce two more bosons by bosonizing the fermions corresponding
to T 4 direction and write
∂H2 = λ
1λ2, ∂H3 = λ
3λ4. (3.15)
Then we choose the U(1) R-symmetry current to be
J = J1 + J2, J1 = i∂H, J2 = i(∂H1 + ∂H2 + ∂H3). (3.16)
This N=2 superconformal algebra is very similar to the one discussed in appendix of [18]
where this theory has a different interpretation.
Using the set of bosons given in (3.13,3.14,3.15) we construct the supercharges as
follows [18]. We define SO(4) spinors (associated with rotation among Y i’s ) Sα and Sα¯
which are in (2, 0) and (0, 2¯) respectively of SO(4) ≈ SU(2)× SU(2) as
Sα = e
± i
2
(H2+H3), Sα¯ = e
∓ i
2
(H2−H3). (3.17)
Then we consider the SU(2) spinors
S(±)α = e
−φ
2 e±
i
2
H e
i
2
H1 Sα, S¯
(±)
α¯ = e
−φ
2 e±
i
2
H e−
i
2
H1 Sα¯, (3.18)
where φ is the bosonized ghost. The global supercharges can be given in terms of the
above operators as
Q(a)α =
∮
dzS(a)α (z), Q¯
(a)
α¯ =
∮
dzS¯
(a)
α¯ (z), a = ±. (3.19)
Counting the different components we get altogether 8 supercharges. Let us now consider
the anti-commutators of the following supercharges
{ Q(+)α , Q(−)β } =
1
3
σ1αβ (3L0 + N˜ 30 + N˜ 20 + N˜ 10 ),
{ Q¯(+)α¯ Q¯(−)β¯ } =
1
3
σ1α¯β¯ (3L0 − N˜ 30 − N˜ 20 − N˜ 10 ). (3.20)
Here N˜ In are defined by
N˜ In =
∮
dzN˜ I(0)n (z), (3.21)
where
N˜ I(0)n (z) = −e2n(τ+iθ)
(
i
2
ǫIJKξ
J(z)ξk(z) + 2n(ψτ + iψθ)ξ
I
)
. (3.22)
Note that this generators satisfy a SU(2) algebra as follows
[ N˜ Im, N˜ Jn ] = if IJK N˜Km+n + p m δm+n,0,
[ Lm, N˜ In ] = − n N˜ Im+n,
(3.23)
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where I = 1, 2, 3 and m,n ∈ Z. One could also define N˜ In in (-1) picture by utilizing
N˜
I(−1)
n (z) = e2n(τ+iθ)ξI , I = 1, 2, 3.
The algebra (3.20) is same as that obtained in the appendix B of [18] as we have used
the same construction in terms of different variables [1, 24]. In fact the resulting SU(2)
can be interpreted as SU(2)R subgroup of the SO(4) isometry of S
3.
As the commutator [L0, Q] vanishes we identify the eight supercharges as correspond-
ing to the Ramond sector of the space-time superconformal algebra. In that case, the
right hand side of the commutators are not quite correct because of the presence of N˜ I
on right hand side. One resolution of this puzzle is to restrict to the representation of
the superconformal algebra that belongs to the zero eigenvalue of N˜ I . Then due to non-
vanishing commutators with zero and non-zero modes of other components of the currents
the subspace should belong to zero eigenvalue of N˜ In . This might be related to the obser-
vation of [21] where the authors have shown that approaching the hear horizon we will
lose some part of the symmetries.
The other anti-commutators are similar as those obtained in [1, 18]
{ Q(+)α , Q¯(−)β¯ } = δαβ¯ P1 + σ3αβ¯ P2 + σ3αβ¯ P3,+iσ2αβ¯ P4, , (3.24)
where σ1, σ2 and σ3 are Pauli spin matrices.
In order to compare this algebra with the one obtained on the hologram side we need
to set Pi’s equal to zero. Then using the symplectic-Majorana Weyl components one can
rewrite the algebra in a closed form which resembles the one obtained on the hologram
side restricted to zero modes.
So far we obtain the zero mode of the supercharges in Ramond sector. That we have
a Virasoro algebra indicates the fact that these supercharges can be extended into a
superconformal algebra. One may use the commutator
[Lm, Qan] = (
m
2
− n)Qam+n, (3.25)
to construct the higher modes of the supercurrent.
We have discussed the Ramond sector of the space-time theory whose global symme-
tries match with the hologram. If N = 2 affine superconformal algebra can be realized
spectral flow can lead to NS sector of the space-time theory [18]. In this context it may be
interesting to get the explicit superconformal symmetry from the near horizon geometry
along the line of [3] and compare this with the symmetry obtained in this sigma model.
3.2 Left-moving sector of heterotic string
In this subsection we discuss the symmetries of the bosonic CFT which described the
world-sheet dynamics of left-moving sector of the heterotic string.
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SL(2,R) symmetry
The form of the currents generating the SL(2,R) symmetry is very similar to their right-
moving counterparts. In order to have an affine extension of SL(2,R) we need to borrow
one compact boson θ˜ from the sixteen compact boson realizing the E8 × E8 part. The
currents, then are given by
Jn(z¯) = e
(n/
√
2)(τ˜+iθ˜)∂¯(τ˜ − (n/
√
2)ρ˜)(z¯). (3.26)
The corresponding generators satisfy the Virasoro algebra on the left-moving sector.
SU(2) symmetry
The world-sheet operators associated with the bosonic SU(2) generators can be con-
structed from the compact boson X˜ at the self-dual radius as follows
M3(z¯) = i∂¯X˜(z¯), M±(z¯) = e±i
√
2X˜ . (3.27)
The generators of space-time affine SU(2), then can be constructed as
MIn =
∮
dz¯e(n/
√
2)(τ˜+iθ˜)T I(z¯), I = 1, 2, 3. (3.28)
At this point it may be mentioned that unlike type II the SU(2) coming from the left
moving sector do have appropriate commutation relation with Virasoro generators while
an SU(2) ⊂ E8 × E8 is spoiled in this case.
E8 ×E8 symmetry
The currents associated with the generators of E8 × E8 symmetry are given by
Jn(z¯) =
∮
dz¯V (z¯)e(n/
√
2)(τ˜+iθ˜)(z¯), (3.29)
where V is the standard dimension one operator. V (z¯) = Va(z¯) = e
2iφa when the generator
belongs to Cartan and V (z¯) = VK(z¯) = e
2i(Kaφa) when Ka is a root vector. Note that
we already have borrowed one of these compact bosons and so we can realize only E7 ×
E8 subalgebra. Moreover, like one of the SU(2)R the affine extensions does not have
appropriate conformal dimension.
4 Discussions
To summarize, in this note we reviewed the two dimensional conformal field theory of
macroscopic string compactified on a four-torus which may serve as the hologram of the
string theory on the near horizon geometry. On the bulk side we consider a sigma model
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and analyze the possibility that it describes the string theory on the near horizon geometry.
We compare the global symmetries coming from the both sides and find an agreement
once the two dimensional CFT is considered in a special light-cone gauge. At this special
light-cone gauge the global SO(4) ∼ SU(2)×SU(2) symmetry is not manifest for type II
theory while in heterotic theory one of the global SU(2) alongwith an SU(2) ⊂ E8 × E8
are not manifest. In addition, on the bulk side we need to restrict ourselves to a subspace
of possible states. We could not find the appropriate affine extensions of the symmetries
and there may exist a different construction of affine generators as suggested in [19].
Due to special light-cone gauge it is not possible to realize the full affine superconformal
algebra. It would be very useful to find a formulation with ordinary light-cone gauge where
this algebra can be manifested. In principle one would expect to have an N = 8 algebra
but as discussed in [1, 3] this does not have a linear realization and so it is not clear how
to get this. In addition to the comparison of symmetries, other tests of these dualities
can be comparison of states on the string theory side and the operators on the hologram
side following the analysis [25, 26] that has been done in the context of D1/D5 system.
We hope to come back with some of these issues in future.
In this paper we have only considered small black string in six dimensions. Since
one would expect to have small black string in any dimensions bigger than four, one
might wonder how the consideration of this paper and those in [1] can be generalized
for D ≥ 6. As far as the near horizon supergroups are concerned there are proposal
for corresponding supergroup in any dimensions [1, 3, 4], though it is not obvious how to
generalize the consideration of the present paper (as well as [1]) to higher dimensions.
In fact as far as the SL(2,R)2 factor is concerned, it seems that the procedure goes the
same in any dimensions leading to a 15/2 contribution to the central charge as well as
having a SU(2) symmetry enhancement. But it is not clear to us how the other factors
of space-time can be described by a well defined WZW model. This issue might also be
related to the discussions of replacing highly excited strings with geometries mentioned
in [21] which could be very complicated for higher dimensions.
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